Abstract. We introduce a new obstruction to weak approximation related to non-abelian coverings of a proper and smooth variety X de ned over a number eld k. It provides some counter-examples to weak approximation which are not accounted for by the Manin obstruction, for example bielliptic surfaces.
Introduction
Let X be a smooth and proper algebraic variety over a number eld k and k be the set of places of k. Recall (cf. CT/San87], Sko98]) that X is a counter-example to the Hasse principle if the set X(A k ) := Q v2 k X(k v ) of adelic points of X is non-empty, but the set X(k) of k-rational points of X is empty. A k-variety X (such that X(k) 6 = ;) satis es weak approximation if X(k) is dense in X(A k ) (equipped with the product of the v-adic topologies). It satis es weak approximation outside S (where S is a nite set of places of k) if X(k) is dense in X(A S k ) := Q v6 2S X(k v ). In his talk at the ICM in 1970 ( Ma70]), Manin de ned an obstruction to the Hasse principle, the so-called Brauer-Manin obstruction. A similar obstruction to weak approximation was later de ned by Colliot-Th el ene and Sansuc (cf. CT/San87], section 3). Those obstructions are related to the Brauer group BrX of X (we shall recall their precise de nitions in 1.3.). For a long time, all known counterexamples to the Hasse principle and to weak approximation outside the archimedean places 1 could be explained by means of the Brauer-Manin obstruction. Assuming a conjecture of Lang (the niteness of X(Q) if X(C) is hyperbolic), Sarnak and Wang ( Sa/Wa95]) found in 1995 a smooth hypersurface of degree 1130 in P 4 Q which is a counter-example to the Hasse principle not accounted for by the Manin obstruction. The rst unconditional proof that the Brauer-Manin obstruction to the Hasse principle is not always the only one was very recently given by Skorobogatov ( Sko98] ) : he considers an elliptic surface over Q which is the quotient of the product of two curves of genus 1 by a xed-point free involution. A natural question was to solve the similar problem for weak approximation (outside the archimedean places, or, more generally, outside a nite set of places) with the additional restriction that the variety X contains a k-rational point (or even that the set of k-rational points of X is Zariski-dense).
In this paper, we introduce a new obstruction to weak approximation related to non-abelian coverings of X (Proposition 2.2). We show (Theorem 5.1) that it is possible to use this obstruction to give su cient conditions for X to be a counterexample to weak approximation (and actually to weak approximation outside S for any nite set S k ) not accounted for by the Manin obstruction. An interesting point is that those conditions (except the arithmetic assumption X(k) 6 = ;) are purely geometric. This re ects the fact that the arithmetic of a variety is expected to be closely related to its geometry. In particular X k K will be a counter-example of the same kind for any nite eld extension K=k. We give several explicit examples, some of them with X(k) Zariski-dense in X (Proposition 6.3, Proposition 6.4) . Roughly speaking, the Brauer-Manin obstruction is controlled (under some assumptions) by abelian etale coverings (Corollary 3.3) . But the existence of non-abelian geometric etale coverings provides supplementary obstructions to weak approximation.
The link with Skorobogatov's paper is the following : one of the ideas he uses is that the Brauer group may become bigger after passing to a nite unrami ed covering Y=X. It may in fact be shown that this phenomenon is related to the existence of an abelian covering Z=Y such that the composite covering Z=X is not abelian. Using non-abelian torsors, it is actually possible to give a general formulation for the obstruction to the Hasse principle de ned by Skorobogatov in Sko98] and the obstruction to weak approximation we consider in this paper : it consists of a generalization of the descent formalism developped in Sko98] (following the descent theory of Colliot-Th el ene and Sansuc) in the abelian case. See Ha/Sko98] for more details.
Here is the plan of the paper : Section 1 consists of some reminders. In section 2, we introduce the obstruction to weak approximation related to the geometric fundamental group of a variety (Proposition 2.2 and Corollary 2.4). In section 3 su cient conditions for the vanishing of the Brauer-Manin obstruction associated to an adelic point are given (Corollary 3.3). Section 4 is purely geometric : for a variety X de ned over an algebraically closed eld, we show that a connected non-abelian covering of X does not become trivial after specialization to a bre of the Albanese map f, provided that some restrictions are made on f (Proposition 4.2). Section 5 is devoted to the proof of our main Theorem 5.1 and in section 6, we give miscellaneous examples of application of our results. Br a X := Ker BrX ! Br X] We always assume that k admits a ( xed) embedding in C; put X C = X k C; we will sometimes use certain results on X, even though they are proven in the litterature for X C , when it is clear that there is no di erence between the two situations (for example X and X C have the same etale fundamental group). We let 1 (X; m) ( A covering of X is a nite, at and surjective k-morphism f : Z ! X. Let n Z (resp. n X ) be the number of connected components of Z (resp. X) and d be the degree of f. The covering f is said to be geometric (resp. geometrically non-trivial) if n Z = n X (resp. n Z < dn X ). We shall use \non-trivial" instead of \geometrically non-trivial" when k is algebraically closed. If X is smooth and geometrically integral over k, then 
(The sum is well-de ned : indeed X is proper, hence the specialization A(P v ) comes from Br O v outside the nite set S of places of bad reduction of X and A; so, by Mil80], IV.2.13, A(P v ) = 0 for v 6 2 S).
Let X(k) be the closure of X(k) in X(A k ). The reciprocity law of global class eld theory implies :
In particular, the condition (M v ) 6 2 X(A k ) Br for some adelic point (M v ) is an obstruction to weak approximation, the so-called Brauer-Manin obstruction (see CT/San87], 3.1 for more details). The condition X(A k ) Br = ; is the Brauer-Manin obstruction to the Hasse principle. Let S be a nite set of places of k; put X(A S k ) = Q v6 2S X(k v ). We let X(k) S denote the set of elements of X(A k ) whose projection to X(A S k ) belongs to the closure of X(k) in X(A S k ). Thus X(k) S is just the product of
Note that if k is totally imaginary we have X(k) 1 X(A k ) Br , where 1 is the set of archimedean places of k.
The goal of this paper is to construct some classes of varieties X such that the relation X(A k ) Br 6 X(k) S holds for any nite set S k . In other terms, there exist adelic points on X for which there is no Brauer-Manin obstruction, but which cannot be approximated by a rational point : more precisely, for any nite set S k , there exists a nite set T of places of k, with T \ S = ;, and an element (M v ) v2T in Q v2T X(k v ) which does not belong to the closure of X(k) in Q v2T X(k v ), but such that (M v ) v2T is the projection of an element (M v ) v2 k of X(A k ) Br . It has been conjectured by Colliot-Th el ene and Sansuc (and proven in several special cases, cf. CT/San87]) that X(A k ) Br = X(k) for smooth and proper rational varieties (that is : varieties X such that X is birational to the projective space); the inclusion X(A k ) Br X(k) 1 is known to hold for an abelian variety X if one assumes the niteness of the Tate-Shafarevich group of X ( Ma70], Wa96]). Over an algebraically closed eld, smooth and proper rational varieties are simply connected ( Gro61], XI.1.2) and abelian varieties have an abelian fundamental group, so it is perhaps not surprising that varieties with non-abelian geometric fundamental groups arise in our work.
Obstruction to weak approximation associated to an etale covering
In this section, we introduce an obstruction to weak approximation (and in fact to weak approximation outside any nite set of places) related to geometric etale coverings of a variety. We begin with an obvious formal lemma :
Lemma 2. We are now ready to prove :
Proposition 2.2 Let X be a smooth, proper, and geometrically integral variety over a number eld k. Fix a nite set of places of k. Let : Z ! X be an etale covering of X with Z geometrically integral.
Then there exists a nite subset S = S ; of ( k ? ) such that for any place w 6 2 (S ) and any point (N v ) v2S fwg of Q v2S fwg X(k v ), the condition :
imply that (N v ) does not belong to the closure of X(k) in
Proof of Proposition 2.2 : Take a nite set of places S 0 (containing the archimedean places of k) such that the schemes X and Z extend to smooth and proper schemes X and Z over U = Spec O k;S 0 . We may assume that the morphism extends to a nite etale morphism over U as well. Let d be the degree of . There exist only nitely many number elds (hence only nitely many etale k-algebras L 1 ; :::; L s ) which are unrami ed outside S 0 and of degree d over k ( Lan86] , V.4, Theorem 5). By Lemma 2.1, one can nd a nite set of places S := S ; (with S \ = ;), such that for each i 2 f1;:::;sg, the condition that L i splits at any place v of S implies that L i splits at any place v 6 2 .
Let w be a place of k outside S . Fix a point (N v ) v2S fwg which belongs to the closure of X(k) in Q v2S fwg X(k v ), and such that splits at N v for v 2 S. Take a k-rational point Q which is close to N v for v 2 S fwg and denote by Q v the v-adic component of Q. The ber Z Q of at Q is the spectrum of an etale k-algebra which is of degree d and unrami ed outside S 0 (because the covering extends to an etale covering of proper and smooth schemes over Spec O k;S 0 ), hence Z Q ' Spec L i for some i 2 f1;:::;sg. As is etale, the map Z(k v ) ! X(k v ) induced by is a local isomorphism for each v 2 k by the implicit function theorem. In particular, for v 2 S, the condition that splits at N v implies that splits at Q v for Q v close to N v . Thus the k-algebra L i should be split at the places of S, hence at any place v 6 2 thanks to the choice of S. So the covering splits at Q v for v 6 2 (note that it does not necessary split at Q). Now the condition that Q w is close to N w implies that splits at N w as well and we are done.
Remark : Note that the covering is not assumed to be Galois. The condition X proper is essential to ensure that for v 6 2 S 0 , a k v -point M v of X extends to an O v -section of X ( Hart77] Y K (resp. Z K ) and Y (resp. Z) have the same number of connected components.
X K and X have the same number of irreducible components. Proof : Replacing X with X k L if necessary, we may assume L = k.
The set Z(k v ) is non-empty for almost all place v of k because of Lang-Weil's theorem and Hensel's lemma, so we may assume Z(k v ) 6 = ; for v 6 2 . Let S be a nite set of places as in Proposition 2.2. By Lemma 2.3, it is possible to nd a place w 6 2 S and a point N w 2 X(k w ) such that does not split at N w . For v 2 S, one can choose N v 2 (Z(k v )) to get a point (N v ) v2S fwg which does not belong to the closure of X(k) in Q v2S fwg X(k v ). As S fwg does not meet , the corollary is proven.
Remark : In fact it is possible to prove Corollary 2.4 with the weaker assumption 1 (X) non-trivial (instead of assuming that there exists a nontrivial Galois geometric covering of X de ned over k) but the proof is a bit more complicated (the ingredients appear in the proof of Lemma 5.2 below). If the covering is abelian with group G, it is possible to show (using Lemma 3.1 below applied to the group S = G equipped with the trivial Galois action) that the obstruction we obtained is coarser than the BrauerManin obstruction (see also Sko98], Theorem 3). But when is not abelian, it may happen that X(A k ) Br 6 X(k) (Theorem 5.1).
3. The set X(A k ) Br .
Let X be a smooth and proper variety over a number eld k with X(k) 6 = ;.
Our goal in this section is to nd points in X(A k ) Br when the dimension of the image of the Albanese map is strictly lower than dimX. The rst two results of this section are purely algebraic; we x a eld k of characteristic zero. The following lemma is a slight generalization of CT/San87], 1.5.1. and Sko98], Lemma 3. It will be used below to deal with a proper but possibly non-reduced or non-irreducible variety.
Lemma 3.1 Let X be a k-variety and M 2 X(k). Let F be a G k -module which is of nite type as an abelian group, equipped with a G k -homomorphism : F ! Pic X. Put S := Hom(F; G m ).
1. There is an exact sequence : Remark : Later on, to nd points (N v ) satisfying simultaneously the assumptions of Corollary 3.3 and Proposition 2.2, we will use Lemma 2.3. The idea behind Corollary 3.3 is that outside a nite number of places of k, the Brauer-Manin obstruction is controlled by geometric abelian coverings of X. The group ab 1 (X) is an extension of (NS X tors ) _ by the Tate module TA of the Albanese variety A ( Mil80] 
Non-abelian coverings and bres of the Albanese map
Throughout this section, the eld k will be assumed algebraically closed (and of characteristic zero). Our goal here is to show that under some assump-tions, a connected non-abelian covering of X does not become trivial after restriction to a bre X 0 of an Albanese map. Note that if q(X) 2, the image of an Albanese map could for example be a curve C of genus at least two; then non-abelian geometric coverings of C provide some non-abelian geometric coverings of X whose restriction to X 0 is trivial. In general, the structure of the fundamental group seems to be closely related to the 1. q(X) = 0.
2. The bres of f are reduced and q(X) = 1.
3. The tangent bundle T X is nef.
Proof : The rst case is obvious. The second case follows from Lemma 4.1.
In the third case, the morphism f C : X C ! A C induced by f has connected bres by De/Pet/Sch94], Proposition 3.9. and f C is smooth (in particular at with reduced bres) by De/Pet/Sch94], Proposition 3.9. and Hart77], III.10.4. Thus f is smooth with connected bres by faithfully at descent.
Main result
In this section, we prove that under some geometrical assumptions, the condition (Q v ) 2 X(A k ) Br is not su cient to ensure that the adelic point (Q v ) can be approximated (outside a nite set of places) by a rational point. Let X be a proper, smooth, and geometrically variety over k. We shall say that X satis es the condition (Alb) if the following property is satis ed : (Alb) An Albanese map of X is at with connected and reduced bres.
The condition (Alb) implies dimX > q(X) if f is not an isomorphism, that is if X is not an abelian variety. It holds in particular if q(X) = 0 or if the tangent bundle of X is nef (Proposition 4.3).
Theorem 5.1 Let X be a proper, smooth, and geometrically integral variety over a number eld k such that X(k) 6 = ;. Assume that (Br X) G k is nite (e.g. H 2 (X; O X ) = 0) and that the geometric fundamental group 1 (X) is non-abelian. Assume further that X satis es the condition (Alb).
Then, X(A k ) Br 6 X(k) for any nite set k .
We use the following lemma : Proof of Theorem 5.1 assuming Lemma 5.2 is proven : We have d(X) > 0 because 1 (X) is not abelian, hence X is not an abelian variety. By condition (Alb), the bre X 0 is reduced and geometrically connected of dimension at least 1, so we can take U 0 = X 0 in Corollary 3.3. Fix a nite set k . Let S be as in the Corollary 3.3; enlarging S if necessary, we may assume (applying Proposition 2.2) that the conditions : Q v = M v for v 2 S and does not split at Q v for some v 6 2 S imply (Q v ) 6 2 X(k) (recall that splits at M v = M). Now we may assume (removing a nite set of places of S 1 if necessary) that S \ S 1 = ;. 2. Put F = NS X tors and T = Hom(F; G m ). The exact sequence : 0 ! Pic 0 X ! Pic X ! NS X ! 0 is split as a sequence of abelian groups because Pic 0 X is divisible. Since NS X is of nite type, we can therefore nd a Galois extension K of k such that :
The action of G K on T and NS X is trivial and the map PicX ! NS X admits a G K -section K .
The covering K : Z K ! X K is Galois with group G. We obtain a nite eld extension K 0 of K (which may be taken Galois over k) such that for almost all place w of K which is completely split for K 0 =K, there exists a K w -point N w of X 0;K satisfying : h K splits at N w and K does not split at N w ; a fortiori Y 0;K splits at N w . Let S 1 be the set of places of k which are totally split for K 0 =k. The set S 1 is in nite because of For varieties with non-abelian geometric fundamental group, the condition (Alb') is weaker than (Alb) (the latter implies 1 (X; m) by Proposition 4.2) but it seems di cult in practice to check that (Alb') holds when (Alb) does not hold.
Examples
First of all, we can use the following result ( Se58] ) to construct examples in dimension 3 : Theorem (Serre) Let G be a nite group and k be a eld. For any r 2, there exist s 2 N and a smooth complete intersection V P s k of dimension r on which G acts without xed points (i.e. all stabilizers are trivial).
Corollary 6.1 Let r 3. There exists a number eld k and a smooth, projective and geometrically integral k-variety X of dimension r such that X(A k ) Br 6 X(k) for any nite set k . Moreover, any non-abelian nite group may occur as 1 (X).
Proof : Let G be a non-abelian nite group. Take a smooth complete intersection V P s Q of dimension r on which G acts without xed points and put X = V=G. Now the assumption r 3 implies that 1 (V ), H 1 (V; O V ) and H 2 (V; O V ) are trivial because of the Lefschetz theorems ( Gro62] Proof : The variety X has a nef tangent bundle by De/Pet/Sch94] (3.2.ii and 3.4), so it just remains to check that 1 (X) is not abelian to apply Theorem 5.1. The following sequence of groups is exact :
The group 1 (A) is abelian; the homomorphism : G ! Aut( 1 (A)) given by the sequence (5) is induced by the action of G on A. Let g be an automorphism of the algebraic variety A; by Mum70] (II.4., Corollary 1), we have g = g 0 , where acts by translation and g 0 is an automorphism of the abelian variety A (that is : g 0 is compatible with the group structure on A). The action induced by on H 1 (A; Q=Z) _ is trivial and the action induced by g 0 on (H 1 (A; Z=n) _ = n A is simply the natural action of g 0 2 Aut(A) on A; thus the homomorphism is non-trivial if and only if G contains an automorphism of the algebraic variety A which does not act by translation. But this condition is ensured by the fact that X is not an abelian variety ( Mum70] , III.12, Corollary 1), which follows from the assumptions H 2 (X; O X ) = 0 and dimX 2 : indeed, for any k-abelian variety B, the k-vector space H 2 (B; O B ) has dimension C 2 dimB by Mum70], III.13, Corollary 2. As is not trivial, the subgroup 1 (A) is not central in 1 (X) and in particular 1 (X) is not abelian.
Recall ( Beau78] , VI.20) that etale quotients of abelian surfaces (except abelian surfaces themselves) over k are of the form (E F)=G, where E and F are elliptic curves (and there are seven possible cases for the group G). Such surfaces (the so-called bielliptic surfaces) have geometric genus 0, hence Proposition 6.2 applies and we obtain : Corollary 6.3 Let X = (C 1 C 2 )=G be a bielliptic surface over a number eld k such that the elliptic curves C 1 and C 2 are of positive rank. Then X(k) is Zariski dense in X but X(A k ) Br 6 X(k) for any nite set k .
Remarks : 1. Skorobogatov's counter-example to the Hasse principle ( Sko98] ) is (geometrically) a bielliptic surface X = (C D)=G, where C and D are curves of genus one and G = Z=2; the absence of k-rational points on X is not accounted for by the Brauer-Manin obstruction, but can be explained using an obstruction (similar to the obstruction in Proposition 2.2) related to the geometric fundamental group of X, which generalizes the \re ned obstruction" de ned by Skorobogatov in Sko98] . See Ha/Sko98] for more details. Proposition 6.4 Let E be an elliptic curve and S be a K3-surface with a xed-point free involution such that E(k) (resp. S(k)) is Zariski-dense in E (resp. in S). Let X = E S=(?1; ). Then X(k) is Zariski-dense in X but X(A k ) Br 6 X(k) for any nite set k .
Proof : Recall that 1 (S) = 0 ( Ba/Pe/VdV84], Corollary VIII.8.6). Thus the following sequence of groups is exact : 1 ! 1 (E) ! 1 (X) ! Z=2 ! 1 and Z=2 acts by conjugation on 1 (E) = b Z 2 via x 7 ! ?x. Therefore 1 (X) is in nite but 1 (X) ab = Z=2. In particular q(X) = 0 and 1 (X) is not abelian. It remains to show H 2 (X; O X ) = 0. Put Y = E S . Remark : Let S be a Kummer surface over k, that is a minimal projective and smooth model of the (singular) quotient of an abelian surface by an involution (cf. Beau78], VIII.10 and VIII.12 for the case k = C). J.H. Keum ( Keu90] ) has proved that S C admits a xed-point free involution. Thus there exists a nite eld extension K=k such that S(K) is Zariski-dense in S and S k K admits a xed-point free involution. More generally, it has been proved very recently by Bogomolov and Tschinkel ( Bog/Tsch98b]) that for every Enriques surface S 0 , the set S 0 (K) is Zariskidense in S 0 for some nite eld extension K=k. In particular, the same property holds for any K3-surface S admitting a xed-point free involution.
It is an open question to know if it is still true for every variety X such that ?K X = V dimX T X is nef. Some special cases (certain K3 surfaces, Fano threefolds which are not double covers of P 3 rami ed in smooth surfaces of degree 6) were solved by Bogomolov, Harris, and Tschinkel ( Harr/Tsch98], Bog/Tsch98a]).
An elliptic surface over a curve C is a smooth and proper surface X equipped with a surjective morphism : X ! C such that the generic bre of is a smooth curve of genus one (we do not require that admits a section). A ber of is said to be multiple if it is divisible by n, for some n 2, in the group of divisors of X. Bielliptic surfaces are special cases of elliptic surfaces. Recall the following result about the fundamental group of an elliptic surface over P 1 :
Proposition 6.5 Let : X ! P 1 k be an elliptic surface. Assume that : X ! P 1 k has at least three multiple bres. Then 1 (X) is not abelian.
Proof : Do77] , page 146. Corollary 6.6 Let : X ! P 1 k be an elliptic surface such that p g (X) = q(X) = 0 and X(k) 6 = ;. If has at least three multiple bres, then X(A k ) Br 6 X(k) for any nite set k .
Remarks : 1. Such surfaces exist ( Do77] , page 139, Corollary 2). It would be interesting to construct examples of such elliptic brations admitting three or four multiple bres with X(k) Zariski-dense. The condition X(k) Zariski-dense probably never holds if there are at least ve multiplebres; for example X(k) is never Zariski-dense if there are at least ve double bres ( CT/Sko/SwD97], Corollary 2.4). 2. There are also examples of surfaces of general type to which Theorem 5.1 applies : actually there exist (proper and smooth) surfaces of general type X such that p g (X) = q(X) = 0 and 1 (X) is non-abelian (such examples can be found in Ba/Pe/VdV84] or Do77]). But if one believes Lang's conjecture (that is : X(k) is not Zariski-dense for any variety X of general type), the conclusion of Theorem 5.1 is somewhat weak for such surfaces. It would be nice (using a \non-abelian" obstruction as in Proposition 2.2) to construct a surface of general type X such that X(A k ) Br 6 = ; but X(k) = ;, that is to construct a counter-example to the Hasse principle not accounted for by the Brauer-Manin obstruction among the surfaces of general type.
